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II 

Abstract 

For the affine stochastic delay differential equation 

dX{t) = a J A(t -|-tt) dudt-|- diy(t), t ^ 0, 

the local asymptotic properties of the likelihood function are studied. Local asymptotic 

normality is proved in case of a G (—^,0), local asymptotic mixed normality is shown 

if a G (0,oo), periodic local asymptotic mixed normality is valid if a G (—00,—^), 

2 

and only local asymptotic quadraticity holds at the points — ^ and 0. Applications 
to the asymptotic behaviour of the maximum likelihood estimator ot of a based on 
(A(t))ig[Q 2 ^] are given as T — )• 00. 


1 Introduction 


Assume (lU(t))teiR+ is a standard Wiener process, a G M, and is a solution of 

the affine stochastic delay differential equation (SDDE) 


dX(t) = a X{t + u) dudt + dW{t), t G M+, 
X{t) = Xo{t), fG[—1,0], 


where (Xo(f))tg[_i,o] is a continuous stochastic process independent of (IU(f))igRg. The 
SDDE fll.ip can also be written in the integral form 


X{t) = Xo{0) + a /(J/°^X(s + M)dMds + IU(t), f G M+, 
X{t) = Xo{t), fG [-1,0]. 
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Equation fll.ip is a special case of the affine stochastic delay differential equation 


dX(t) = + u)mQ{du) dt + dW{t), t G M+, 

X{t) = Xo{t), te[-r,0], 


where r > 0, and for each 6 E Q, me, is a hnite signed measure on [—r, 0] see Gushchin and 
Kuchler [3j. In that paper local asymptotic normality has been proved for stationary solutions. 
In Gushchin and Kiichler [T], the special case of fll.3p has been studied with r = 1, 0 = 
and me = a6o + b6-i for 9 = {a,b), where 6^ denotes the Dirac measure concentrated 
at x G M, and they described the local properties of the likelihood function for the whole 
parameter space . 

The solution {X^°‘\t))t£R^ of fll.ip exists, is pathwise uniquely determined and can be 
represented as 


(1.4) 


/ O ^0 

/ Xo,a{t + U 

■1 Ju 


s)Xo(s) ds du + 



s) dlT(s), 


for t G R+, where (a;o,a(t))te[-i,oo) denotes the so-called fundamental solution of the deter¬ 
ministic homogeneous delay differential equation 


(1.5) 


x{t) ^ xo(0) + a /o7- x{s + u) du ds, 
x{t) = Xoit), 


t G R+, 

tG [-1,0]. 


with initial function 



tG [-1,0), 

t = 0. 


In the trivial case of a = 0, we have Xo,o(i) = 1, i ^ and X^^^(t) = Xo(0) -|- W{t), 
t G R+. In case of a G R \ {0}, the behaviour of (xo,a(^))te[-i,oo) is connected with the 
so-called characteristic function : C —)■ C, given by 


(1.6) ha{\):=\-aj e^“dn, A G C, 


and the set of the (complex) solutions of the so-called characteristic equation for fll.Op . 
(1.7) = 

Note that a complex number A solves fll.71) if and only if (e'^*)ig[_i_oo) solves fll.Sp with 
initial function Xo(t) = e^*, t G [—1,0]. Applying usual methods (e.g., argument principle in 
complex analysis and the existence of local inverses of holomorphic functions), one can derive 
the following properties of the set A^, see, e.g., ReiB [8]. We have A^ ^ 0, and A^ 
consists of isolated points. Moreover, A^ is countably inhnite, and for each c G R, the set 
{A G Aa : Re(A) ^ c} is hnite. In particular. 


vo{a) := sup{Re(A) : A G A^} < oo. 
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Put 


vi{a) := sup{Re(A) : A G A^, Re(A) < ^0(0)}, 
where sup0:=— 00. We have the following cases: 

(i) If a G (—^,0) then Vo{a) < 0; 

(ii) If a = —^ then Vo{a) = 0 and Vo{a) ^ A^; 

(hi) If a G (—cxo,—then Vo{a) >0 and Vo{a) ^ A^; 

(iv) If a G (0, cxo) then no(a) > 0, vo{a) E Aa, m{vo{a)) = 1 (where m(no(a)) denotes the 
multiplicity of no(o))) and ni(a) < 0. 


For any 7 > no(n)) we have Xo,a(^) = 0(e'>'*), t G M+. In particular, (xo,a(^))teR+ is square 
integrable if (and only if, see Gushchin and Kuchler [2]) no(n) < 0. The Laplace transform of 
(a:o,a(t))teK+ is given by 




xoAt) = 


ha(A)’ 


A G C, Re(A) > vo(a). 


Based on the inverse Laplace transform and Cauchy’s residue theorem, the following crucial 
lemma can be shown (see, e.g., Gushchin and Kuchler P, Lemma 1.1]). 


1.1 Lemma. For each a G M \ {0} and each c G {—oo,vo{a)), there exists 7 G (— cxo,c) 
such that the fundamental solution (a;o,a(i^))te[-i,oo) of fll.Sp can be represented in the form 


Xo,a{^) = ^ Ca(A)e^^ + o(e^^), as t ^ 00 , 

A£Aa 

Re(A)G[c,i;o(ct)) 


with some constants Ca{X), A G A^, and with 


V’o,a(i) 


Vo{a) 

'Oo(o)^ + 2vo(a) - a’ 

Ao(a) cos(Ko(a)t) + Bo(a) sin(Ko(a)t) 


if vo(a) G Aa and m{vo{a)) 
if vo{a) ^ Aa, 


1 , 


with Ko{a) 


Im(Ao(a))|, where Ao(a) G A^ is given by Re(Ao(a)) = ^0(0)? and 


Ao(a) 

Bo{a) 


_2[(no(a)^ - ft:o(a)^)(no(a) - 2) - ano(a)]_ 

(no(a)^ - «:o(a)^ + 2no(a) - a)^ + 4fi;o(a)2(no(a) + 1)^ ’ 

2(no(a)^ + + a)Ko(a) 

(no(a)^ - fi:o(a)2 + 2no(a) - a)^ + 4Ko(a)2(no(a) + 1)^ 
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2 Quadratic approximations to likelihood ratios 


We recall some definitions and statements concerning quadratic approximations to likelihood 
ratios based on Jeganathan [5], Le Cam and Yang [6] and van der Vaart [9]. 

Let P) be a probability space. Let Q C W be an open set. For each 

0 G 0, let oo) be a continuous stochastic process on P). For each 

T G M+, let Pe,T be the probability measure induced by on the space 

(C([-l,r]),B(C(|-l,T|))). 


2.1 Definition. The family (C([— 1, T]), S(C'([—1, T])), {P^^r : 6 G 0})TeR++ of statistical 
experiments is said to have locally asymptotically quadratic (LAQ) likelihood ratios at 6 E Q 
if there exist (scaling) matrices Tq t G T G M++, random vectors A.g : 12 —)■ and 

A.q t : 12 —)■ RP, T G R++, and random matrices Jg : kl ^ and Jg^T '■ ^ ^ 

T G R++, such that 


(2.1) log 


or. 




-hrpj g^T^T + Op(l) 


whenever Ht G MP, T G R++, is a bounded family satisfying 6 + vg Thx G 0 for all 
T G M++, 

(2.2) {Ag^T,Je,T) — >iAg,Jg) as T —)■ oo, 


and we have 


(2.3) P {Jg is symmetric and strictly positive definite) = 1 
and 

(2.4) E (^exp =1, he W. 

2.2 Definition. A family (C'([—1, T]), ;B(C([—1, T])), {P^^r : 6 G 0})TeK++ of statistical 
experiments is said to have locally asymptotically mixed normal (LAMN) likelihood ratios at 
6 e Q if it is LAQ at 6 e Q, and the conditional distribution of Ag given Jg is 
N'p{Q,Jg), or, equivalently, there exist a random vector ^ : 12 —)■ and a random matrix 
rjg : Q ^ such that they are independent, Z = Ap(0, Ip), and Ag = iqgZ, Jg = rjgrij. 


2.3 Definition. The family (C([— 1, T]), i3(C([— 1, T])), {P^^r : 0 G 0})reR++ of statistical 
experiments is said to have periodic locally asymptotically mixed normal (PLAMN) likelihood 
ratios at 6 e Q if there exist D G R++, (scaling) matrices rg x G T G M++, random 

vectors Ag{d) : 12 d G [0,D), and Ag x '■ 12 -e T G R++, and random matrices 

Jg{d) : 12 —)■ d G [0,D), and Jg^T ■ 1^ —t T G M++, such that (12.Ih holds 

whenever hr G T G R++, is a bounded family satisfying 6 + rg^Thr G 0 for all 

T G M++, 

(2.5) {Ag^kD+d, Je,kD+d)—> {Ag{d), Jg{d)) as /c —)■ CXO 
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for all d G [0,i5), we have 

(2.6) ¥ {Je{d) is symmetric and strictly positive definite) = 1, d E [0,£)), 

and for each dE[0,D), the conditional distribution of Ae^d) given Jei^d) is MpiQ^Jei^d)), 
or, equivalently, there exist a random vector Z : Q ^ MP and a random matrix rjg^d) : 

—>■ such that they are independent, Z = J\fp{0,lp), and Ag{d) = r]g{d)Z, Jg{d) = 

Ve{d)vJ{d). 

2.4 Remark. The notion of LAMN is defined in Le Cam and Yang [6] and Jeganathan [5] so 
that PLAMN in the sense of Dehniton 12.31 is LAMN as well. 

2.5 Definition. A family (C([—1, T]), i3(C([—1, T])), : 0 G 0})TeM++ of statistical 

experiments is said to have locally asymptotically normal (LAN) likelihood ratios at 6 E Q if 
it is LAMN at 6 E Q, and Jg is deterministic. 


3 Radon—Nikodym derivatives 


From this section, we will consider the SDDE fll.ll) with hxed continnous initial process 
(Ao(t))tg[_i,o]- Farther, for all T G M++, let be the probability measure induced 

by on (C([—1, T]), i3(C([—1, T]))). In order to calculate Radon-Nikodym 

derivatives for certain a, a G M, we need the following statement, which can be derived 

from formula (7.139) in Section 7.6.4 of Liptser and Shiryaev [7]. 


3.1 Lemma. Let a, a G M. Then for all T E M++, the measures Pq^t o^nd Fh,t o^re 
absolutely continuous with respect to each other, and 




= [a — a) 


= [a — a 


ci: 

[i: 


X^^\t + u) dn dX(“)(f) 


{t + u) du dw{t) - 


~2 2 rT 

I 


>0 
2 rT 

0 


[ X^^\t + u)du^ dt 

•0 \ 2 
X^°'\t + u) duj df. 


In order to investigate convergence of the family 


(3.1) (£T)Ta** := (C(R+). e(C(K+)). {P.,T : a e 

of statistical experiments, we derive the following corollary. 

3.2 Corollary. For each a G M, T G M++, ra^x ^ ® o,nd hx E M, we have 


dP, 




a,T 
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with 


^a,T 


:=ra,T^ j X^'^\t + u)dudW{t), 


Ja,T 



X^^\t + u) du 


'-1 


dt. 


Consequently, the quadratic approximation fl2.ll) is valid. 


4 Local asymptotics of likelihood ratios 


4.1 Proposition. If a E then the family {St)t&r++ of statistical experiments given 

in (j3.ip is LAN at a with scaling ra,T = ^, T E M++, and with 


Ja 




Xo,a{t + u) du 


dt. 


4.2 Proposition. The family (i^r)TeR++ of statistical experiments given in (13.ID is LAQ at 
0 with scaling vq^t = ^; T and with 

W{t)dW{t), Jo= [ Witfdt, 

Jo 

where (>V(t))t6[o,i] is a standard Wiener process. 



4.3 Proposition. The family (i^T)reR++ of statistical experiments given in (13.ID is LAQ at 
— ^ with scaling = T E M++, and with 


A = 


16 foiWljs) d}V 2 (s) - }V 2 (s) d>Vl(g)) - iTT /o^(Wl(g) dWl(5) + }V 2 (s) d}V 2 (s)) 

7r(7r^ + 16) 


J „2 = 


16 


7r^(7r^ + 16) 


{w,{ty+w2mdt, 


where (Wi(t), W 2 (t))t 6 [o,i] is a 2-dimensional standard Wiener process. 


4.4 Proposition. If a E (0, cxo) then the family {St)t£S.++ of statistical experiments given 
in fl3.ip is LAMN at a with scaling ra,T = ^ ^ M++, and with 


Xa — z \/~Ja, 


Ja = 


(1 - 


2vo{a){vo{ay + 2vo{a) - a) 




with 


= Ao(0) + a 


f^O rO 


’ —1 J u 


-^“(“)("-“)Xo(s) ds dw + / diy(s), 


and Z is a standard normally distributed random variable independent of Ja. 
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4.5 Proposition. If a E (—cxo ,—then the family {£T)Tem++ of statistical experiments 
given in fl3.1l) is PLAMN at a with period D = with scaling ra,T = T G M++, 

and with 

POO 

AM) = Z^/jM, Ja{d)= dE 

Jo 



where 


:= Xo{0)Mt) + a 


rO rO 


ipa(t + U 


' — 1 J u 





s)e-’'o(“)(^-“)Xo(s) dsdw 
t E IR-+, 


with 


(fait) := Aq^q) cos{Ko{a)t) + Bo{a) sm{Ko{a)t), t G M, 
and Z is a standard normally distributed random variable independent of Ja{d). 


4.6 Remark. If LAN property holds then one can construct asymptotically optimal tests, see, 
e.g.. Theorem 15.4 and Addendum 15.5 of van der Vaart [H]. 


5 Maximum likelihood estimates 

For fixed T G M++, maximizing log in a G M gives the MLE of a based 

on the observations (X(t)) 4 g[_i^ 7 ’] having the form 

{t + u) du dX(“) (t) 

= -;--, 

/o^ (/°i + w) dw) dt 

provided that f+ u) dw^ df > 0. Using the SDDE 111 ID - one can check that 

cij' — a —- 2 —) 

/o^ (/°i + w) d?x) dt 

hence 

— 1 \ ^a,T 

Using the results of Section 0] and the continuous mapping theorem, we obtain the following 
result. 

5.1 Proposition. If a E (—^)0) then 

Vt (ot — a) -A J\f{0, JA) as T ^ oo, 
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where Ja is given in Proposition \4-1 
If a = 0 then 

T (cLj' — cl) = T clt 


V. 

/o Lv(ty * 


as T ^ oo, 


where (>V(t))tg[o,i] is a standard Wiener process. 
If a = then 


T (clt — a) = T i ot + 


TT 


c 167r/o (>Vi(t) dW2{t) - W2{t) d>Vi(t)) - 47r^ /p (>Vi(t) dWijt) + W2{t) dW2{t)) 

16 J^iW.ity + W^mdt 

as T ^ oo, where (Wi(t), >V 2 (t))fg[o,i] is a 2-dimensional standard Wiener process. 

If a E (0, cxo) then 

V Z 


.Ma)T 


VTa 


as T —)■ oo, 


where Ja is given in Proposition \4-4\ Z is a standard normally distributed random 

variable independent of Ja. 


If a E {—oo, —^) then for each d E [O, 


V 


vo(a){k —^+d) \ 

3 «oW {ak-+d - a) , 

^ ^/jM 


as k ^ oo, 


where Ja{d) is given in Proposition |^.5| , and Z is a standard normally distributed random 
variable independent of Ja{d). 


If LAMN property holds then we have local asymptotic minimax bound for arbitrary es¬ 
timators, see, e.g., Le Cam and Yang [6l 6.6, Theorem 1]. Maximum likelihood estimators 
attain this bound for bounded loss function, see, e.g., Le Cam and Yang [HI 6.6, Remark 11]. 
Moreover, maximum likelihood estimators are asymptotically efficient in Hajek’s convolution 
theorem sense (see, for example, Le Cam and Yang [6l 6.6, Theorem 3 and Remark 13] or 
Jeganathan 0 )- 


6 Proofs 

For each ogM and each deterministic continuous function (|/(t))teK+, consider a continuous 
stochastic process (Y^“^(t))tg]R_^ given by 

/ O ^0 pt 

/ |/(t-|-M — s)Yo(s) ds dw-|- / y{t — s)dW{s) 

-1 Ju Jo 


for t E [1, oo). 


















6.1 Lemma. Let (|/(t))ieR+ be a deterministic continuous function. Put 


/ O pO 

/ |/(t + M — s)Xo(s) ds dti, tG[l,oo). 

-1 Ju 

Then for each T G [1, oo), 


^ Z{tYdt^ j Xo(s)^ds j y{vYdv. 


Proof. For each t G [l,oo), by Fubini’s theorem, 


Z{t) = / dfo(s) / y{t + u — s) duds = / Xo(s) / |/(f)dfds. 

J-l J-l J-l Jt-s-l 


By the Cauchy-Schwarz inequality, 


r-O rO / rt 

\2 ^ I V /'„^2 


Consequently, 


where 


Here 


Z{ty ^ / Xo(s)Ms / / 2 /(u)dn) ds. 

J-l J-l \Jt-S-l 


I Z{tydt^ J Xo(s)"^ds J J yj |/(n) dn ) dsdt. 


fT pO / \ 2 ^0 pT / pi \ ^ 

l/(n) dn I dsdt= / I / |/(n) dn ) dtds. 


'1 J-l \Jt-S-l 


rT / rt \2 

y{v) dn ) dt ^ 


1 \Jt-S-l 


'-iJl \Jt-S-l 


pT pt pT pv-\-s-\-l 

/ / y{vydvdt= / y{vy / dtdn 

'1 Jt—s—l J—s Jv 

fT pT 

\2j„, / / „,/„,\2 


^ / |/(n) dn ^ / y{vydv 


' —S 


'0 


for all s G [—1,0], hence we obtain the statement. 

6.2 Lemma. Let {y(t))t£-B.+ be a deterministic continuous function with y(ty dt 
Then for each a G M, 

1 

- / Y^^\t)dt^0 as T ^ oo, 


— / Y^°‘yty dt / y{ty dt as T ^ oo. 

T Jo Jo 


□ 

< oo. 
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Proof. Applying Lemma 4.3 of Gushchin and Kiichler [T] for the special case Xo(s) = 0, 
s G [—1,0], we obtain 


1 

T 


T rt 



2 /(t — s) dhL(s) dt—)■ 0 as T —)■ cx). 


0 JO 


1 

T 


fT / rt \2 

y{t — s) dhL(s) ] dt 



0 \J0 


y{tY dt as T ^ oo. 


We have 


T rt 


- K''‘lw* = - / yl“>(()d( + X„(0)/i(T) + - / Z{t)dt + - I y(t-s)dW(s)dt 


T 


TJ, 



for T G M+, where (Z(t))igR^ is given in Lemma 16.11 and 


/i(T):=- y{t)dt, TgR+. 


By Lemma [6.11 



Tj, 


hence we obtain the first statement. Moreover, 


T / rt 


- Y^'^\tfdt = - y(“)(t) 2 dt + J2(T) + 2/3(T) + - / ( / |/(t-s)dW(s) dt 


T 


for T G M+, where 


T 


TJ, 



h{T) ^ ^ (t/(t)Xo(0) + aZ{t)f dt, T G M+, 


h{T) := - {y{t)Xo{0) + aZ{t)) { j y{t - s) dW(s) ) dt, T G M+. 


Again by Lemma 16.11 


0 ^ / 2 (T) ^ / 2{y{tyxoioy + a^zyy) dt 


< 


TJ, 

2 Xo(0) 


2 2 2a 


2 /-O 


y{ty dt + ^— / Xo(s)^ds / |/(n)^dn—40 as T ^ oo, 


’-1 
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and 


\h{T)\ ^{y{trXo{Oy + a^ZitWdt 




= 2\I [ ( [ y{t- s) dW (s) ) dt ^ 0 as T -)■ oo, 


'1 \J0 

hence we obtain the second statement. 


□ 


6.3 Lemma. Let w G M++ and y{t) := e"'*, t G M+. Then for each a G M, 


—wt 


-2wT 


y(«)(() (7W_ ast^oo, 


I (r(“)(()y^d(^—(^7£■')^ as r^«D, 


with 


fO /-O 


:= Xo(0) + a 
Proof. For each t G [1, cxo), we have 


“(“-")Xo(s)dsdM+ / e-“'MhF(s). 


e-"'V(“)(t) =Xo(0) + a 


rO rO nt 

/ / e"'(“-")Xo(s)dsdM+ / e-’^MlF(s), 

'-1 Ju Jo 


hence we obtain the hrst convergence. The second convergence follows by L’Hospital’s rule. □ 

6.4 Lemma. Let w G M++, k G M, and y{t) := ip{t)e'^^, t G M+, with (p{t) = cos{Kt), 
t G M+, or (p{t) = sin(Kt), t G M+. Then for each a G M, 


—wt 


Y^'^\t)-V^'^\t) ^0, as t^oo, 


-2wT 


/ / e 

'0 Jo 


—2wt 


{V^^\T - t)f dt 0, as T^oo, 


with 

V^^\t) ■.= Xo{OMt) + a 
for t G M. 


pO pO 

-1 Ju 


ip{t + u-s)e^^^-^^Xo{s)dsdu+ / ^{t-s)e-'^^dW{s) 

Jo 


Proof. Note that for each t G [1, oo), 


( 6 , 2 ) 


—wt 


yF)(t) _ vi-\t) = - ^{t- s)e-“'MhF(s), 


which obviously tends almost surely to zero as t ^ oo, hence we obtain the hrst convergence. 
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In order to prove the second convergence, observe that for each T G M+, 

poo pT poo 

/ - t)f dt = / - t)f dt + / - t)f dt, 

Jo Jo Jt 

where 


—2wt 


{yi^\T - t)f dt = / = 


-2wT 


jwt 




hence 


-2wT 


{Y^'^\t)fdt 


^—2wt 




= e 


-2wT 




—2wt 




= I„{T) + h(T) + 2h{T)-h(T) 


with 

/o(T) := e-2"''^ [ dt, 

Jo 

/i(T) := j dt, 

/2(T) := / (F(“)(i) - e’"Vi“)(t))e"'Vi“)(^) dt, 

Jo 

/ oo 

- t)Y dt. 

The processes (y(“)(t))f6R+ and (l4“^(t))teM+ are continuous, hence 

E(|/o(T)|) =e-2"'^ / E[{Y^^\t) - e^^V^^\t)f]dt ^ 0 as T ^ cx), 

Jo 

implying /o(T) 0 as T —)■ cxo. By fl6.2l) . 

/i(T) = (^(t - s)e-"'MIT(s)^ dt, 

hence 

/ T* poo pT poo 

= —0 as T —)■ oo, 

2m; 
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Jr 

implying /i(T) —> 0 as T —)■ oo. Moreover, by tlie CaucJiy-Scliwarz inequality, 




with 


r-T pT 

^—2wT I ^^4. _ / ^—2wt-{ 

w 




'0 JO 


1 

2w tgR 


where supig]u(14i; (t)) < 00 almost surely, since [Vw {t))teR is a continuous and periodic 

P 

process. Consequently, hiT) —> 0 as T —)■ cx). Finally, 


|/3(t)| ^ 


^-2wT 


,sup(Ci“)(t))2^0 asT^oo, 
2tc t&R 


hence we obtain the second convergence of the statement. 

Proof of Proposition 14.11 For each t G [1, 00 ), by fll.ip . we have 


□ 


pO pO pO pO pO 

/ X(“)(f + n)dn = Xo(0) / xo^ait + u) du + a / / / xo,a(t + M + r — s)Xo(s) ds dn du 

'-1 J-l J-l J -1 Jv 


fO rt-\-u 


f-1 Jo 


Xo,a(t + u — s) dW (s) du. 


Here we have 

/•O /-O pO 


rO rO rO 

xo^ait + u + V — s)Xo{s) ds dv du = / / / xo,a(t + u + n — s)Xo(s) ds du dn 


mi 


1-1 J-l Jy 
pO pO 


I J Xo{s) J xo,a(t + M + w — s) du ds dn. 


and 


/ O rt-\-u 

J Xo^a{t + u - s) dW(s) du 

pt—1 pO pt pO 

= / a;o,a(t + M — s) dn dhF(s) + / / a;o,a(t + « — s) du dlF(s) 

Jo J-l ’ Jt-l Js-t 

^ I I 

since t G [l,cxo), s G [t — l,t] and u G [—l,s — t) imply t + u — s G [—1,0), and hence 
xo,a{t + u — s) = 0. Consequently, the process + u) du) has a representation 


with 


y{t) = J xo,a(t + u) du, t G M+. 
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Assumption aG(—^,0) implies uo(a) < 0, and hence xo^a{t)'^ dt < oo holds. Thus 


pco /‘oo / /»0 

\ 2 . 


I y{tydt = J yj Xo^a{t + u)du] dt 


pO pO poo poo 

I J J Xo,ait + u)Xo,ait + v)dtdudv ^ J Xo^aitydt, 


Since 


Xo,a(t + u)Xo,a(t + v) dt 


Xo,a{t + UydtJ Xo,a{t + Vydt 


Xo,a{s + Uyds / Xo^a{s + Vyds^ / Xo,aity dt. 


' l-\-U 


' l-\-v 


Consequently, y{ty dt ^ y{ty dt + Xo,a(^)^ dt < cxo, thus we can apply Lemma 16.21 

to obtain 


T / ro 


Ja,T — 


T 


X^‘^\t + u)du] dt 


'0 \ J -1 

as T —)■ cx). Moreover, the process 


foo / /-O \ 2 

Xo,a{t + '>^)du] dt=Ja 


'0 \J-1 


j X^'^\t + u)dudW{t), Te 




is a continuous martingale with = 0 and with quadratic variation 

(]Vf (“) ){T) = (^J X^'^\t + u) du^ dt, 

hence. Theorem VIII.5.42 of Jacod and Shiryaev jlj yields the statement. 

Proof of Proposition 14.21 We have 


fT /-O 


Ao,t — — 


T 


X^^\t + u)dudW{t), Te 


w+- 


'0 J-i 


As in the proof of Proposition 14.11 for each t e [1, oo), we obtain 


A:(°)(t + M)dM = Xo(0) / Xo,o{t + u)du+ / / a;o,o(t + M — s) dMdlV(s) 


J-i 

Here we have 

/•O 


'-1 


0 J-l 


Xo,o{t + u)du = 1, 


'-1 


r J^’ for s e [0,t- 1], 

/ Xo,o(t + M-sjdu = <^ 

Vi 11 — s, for se[t —l,t]. 


□ 
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hence 




ft-1 


X(°)(t + M)d'u = Xo(0)+ / dhh(s)+ / (t-s)dhh(s) 


/t-i 


= Xo(0) + + / (t-s-l)diy(s) = H/(t)+X(t), 


it-i 


where E(T ^ X(t)^ dt) 0 as T —)■ oo. For each T G M++, consider the process 


W^(s) := ^W(Ts), se[0,l]. 


Then we have 


1 


Ao,t= / W^{t)dW^{t) + - I X{t)dW{t), 


Jo,T= I W^{tydt + ^l W{t)X{t)dt + ^ I Xitfdt. 


J'2 


J'2 


Here 


1 


T 


as T —)■ cxo, since 


E 


X{t) dW{t) ^ 0, 


_ \- 
X{t) dW{t) ] 


1 


rp2 


'J'2 


x{tydt ^ 0 


E{X{ty)dt 0. 


By the fnnctional central limit theorem, 


as T^oo, 


hence 


J'2 


W{t)X{t) dt 




'J2 


w{tYdt 


1 


'J2 


x{tydt 


W^yydt ] { 7 ^ f X{tydt ) 0 as T —)■ cxo, 


and the claim follows from Corollary 4.12 in Gnshchin and Kuchler [T] 

Proof of Proposition 14.31 We have 

I rT rO 


□ 


'T n~' 

2 1 


/‘^\t + u)dum{t), T G M++, 
= X^~""^^\t + u)du^ dt, TeM++. 


>0 J-l 
-r / rO 
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As in the proof of Proposition 14.11 for each t G [1, cxo), we have 




r-0 


t rO 


X( (^t + u) du = Xo{0) I x^_^{t + u)du+ j / + u — s) dudW{s) 


IT 

'2 


0, 
-1 

2 /"O rO 


0 J-i 



Xo(s) / a; + M + n — s) dndsdn. 


’ —1 J V 
^2 


'-1 


We have 'yo(—= 0 and = tt, hence Ao(—and i?o(—= 

Consequently, by Lemma fLTl there exists 7 G (—cxo, 0 ) such that 

16 cos(7rf) + dvr sin(7rf) 


^'' 47r 

tt^+TG * 


^n-^(^)= +o(e^*), asf^cx), 

TT"' + 16 


and hence 

/•O 


t /-O 


/^\t + u) dM = 


'-1 



16 cos(7r(t + u — s)) + 47rsin(7r(f + u — s)) 


TT^ + 16 

32 sin( 7 r(t — s)) — 87rcos(7r(f — s)) 
7r(7r^ + 16) 


du diy(s) + X(t) 


>0 J-i 

f 

'0 


dW{s)+X{t), 


where T ^f^X(t)^dt —)■ 0 as T —)■ 00 . Introducing 

-Ai(t) := [ cos(7rs) dhP(s), X 2 {t) := [ sin(7rs) dhP(s), t G M+, 


we obtain 
^0 


/^\t + u) du 


1-1 


+ A'((). 


32 X 1 (t) sin(7rf) — 32 X 2 (f) cos(7rf) — 87rXi(t) cos(7rt) — 87rX2(f) sin(7rt) 

7r(7r2 + 16) 

For each T G M++, consider the following processes on [0,1]: 

W^(s) := ^ir(Ts), 

Xfis) ■- -La'i(Ts)= f cos(7rrs)dH^’'(s), 

V T Jo 

1 /■* 

X^{s) := ^X 2 {Ts) = / sin(7rTs)dhF^(s), 

V F Jo 

32Xj' (s) sin(7rTs) — 32Xj (s) cos(7rTs) — 87rXi(s) cos(7rTs) — 87rX2(s) sm{nTs) 


X^{s) : = 


Then, for each T G 


7r(7r2 + 16) 


^++) 


we have 


t \ 


'-1 


X(--V2)(^ + n) dn = VtX^(^-J + X{t), 
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and hence, 


= dW(t) + h{T) = j\^(s)dW'^(s) + I,{T), 

,, = i £x^{jfdt + 2h(T) + h(T) = /‘x^(s)"ds + 2h(T) + /3(T), 

with 

hm-^j^'^mdWit), I,(T) -.= ^ x^[^)x{t)dt, h{T) X{tf dt. 

Introdncing the process 

Y^(t) := [ X^{s) diy^(s), t e M+, T G M++, 

Jo 

we have 

X^(s)2ds = [F^,F^](t), tGM+, TeM++, 

where ([?7, id](t))tgK+ denotes the qnadratic covariation process of the processes (t/(t))tgR^ 
and (i/(t))igR^. Moreover, 



Y^it) 
for t G 1 


hence 


32 j;{X'[(s) dXj(s) - X^s) dX^s)) - Stt f;(X[(s) dX[(s) + Xl(s) dX^s)) 

7r(7r^ + 16) 

By the fnnctional central limit theorem, 

(X[, X^) A ^(Wi, W 2 ) as T ^ 00 , 


as T^cx) 


with 


for 


16 £(>Vi(s) d>V 2 (s) - >V 2 (s) d>Vi(s)) - dvr £(>Vi(s) d>Vi(s) + >V 2 (s) d>V 2 (s)) 

7r(7r2 + 16) 

t G M+. Farther, by Corollary 4.12 in Gushchin and Kiichler [1], 

(Kyi),iy’',y^(i)) A(ni).iy.n(i)) as r^oo. 


Here we have 


^ /o^(16>Vi(s) - 47r>V 2(s))Ms + /q^(16>V2(s) + 47r>Vi(s))Ms 


16 


^2(7r2 _|_ X6) Jq 


+ 16)^ 

(>Vi(s)A>V2(s)2)ds. 
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Recall that Isi^T) —> 0 as T —)■ oo, which also implies Ii{T) — > 0 as T —)■ oo. Finally, 
\h{T)\ ^ 


T3 




X{tydt = 


rp2 


X^is^ds X{tydtX^0 


as T ^ oo, and the claim follows. 

Proof of Proposition 14.41 We have 

rT / pO 


□ 


= (^j X^‘^\t + u)du^ dt TeM+. 

The process + has a representation fl 6 .ll) with y{t) = J^^xo^ait+u) du, 

t G M+, see the proof of Proposition 14.11 The assumption a G (0, oo) implies vo{a) > 0 and 
ni(a) < 0, hence by Lemma fm there exists 7 G (ni(a),0) such that 


xo,a(t) = 


no (a) 


voia)"^ + 2no(a) - a 


3 ^o(a)t ^o(e'^*), as t^oo. 


Consequently, 


/•O 1 _ o-tJoCa) 

/ Xo^a{t + u)du= -+ o(e^‘), as t ^ 00 . 

Wo(a) + 2 no(a) - a 

Applying Lemma [6.31 we obtain 


Jaf 


1 


1 _ g-’^o(a) 


-] = Ja as 


2no(a) \Vo{a)'^ + 2no(a) — 

Theorem VIIL5.42 of Jacod and Shiryaev [1] yields the statement. 

Proof of Proposition 14.51 We have again 

rT / pO N 2 


00 . 


□ 


= (^J X^<^\t + u)du^ dt Tg 




and the process + u) has a representation fib.ip with y{t) = Xo,a(^ + 

u)du, t G M+, see the proof of Proposition 14.11 The assumption a G (— 00 ,—^) implies 
Vo{a) > 0 and Vo{a) ^ A^, hence by Lemma fLTl there exists 7 G (0,no(o)) such that 

To,a{t) = + o(e^*), as t -)■ 00 . 

Applying Lemma [6.41 we obtain 

Ja,T - Ja{T) ^ 0, as T -)■ 00 . 

The process (Ja(t))teR+ is periodic with period D = 7 ^^. Q 
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